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Abstract. In this article, we follow Hida's approach to study the /^-invariant of the anticyclotomic projection 
of p-adic Hecke L-function for CM fields along a branch character. We prove a conjecture of Gillard on the 
vanishing of the /i-invariant and give a /^-invariant formula for self-dual branch characters. 
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The purpose of this article is to study the vanishing of Iwasawa ^-invariant of anticyclotomic p-adic Hecke 
L-functions for CM fields. To state our main result precisely, let us begin with some notation. Let p > 2 be 
an odd rational prime. Let be a totally real field of degree d over Q and /C be a totally imaginary quadratic 
extension of J-. Let Djr be the discriminant of J-. Fix two embeddings Loo- Q C and ip : Q ^ Cp once and 
for all. Let c denote the complex conjugation on C which induces the unique non-trivial element of Gal(/C/J^). 
We assume the following hypothesis throughout this article: 

(ord) Every prime of J- above p splits in IC. 

Fix a p-ordinary CM type namely S is a CM type of JC such that p-adic places induced by elements in 
S via Lp are disjoint from those induced by elements in Sc. The existence of such a CM type E is assured 
by our assumption (lord|) . We recall some properties of p-adic L-functions for CM fields. As in |Kat78| . to 
a Neron differential on an abelian scheme A ^2, of CM type {IC,E) we can attach the complex CM period 
fioo = i^oo.aja G (C^)^ and the p-adic CM period Hp — {flp^a)<j € i^p)^ ■ Let £ be a prime-to-p integral 
ideal of JC and decompose £ = where (reps. is a product of split prime factors (resp. ramified 

or inert prime factors) over T. Let Z{C) be the ray class group of K, modulo In [ Kat78j and [HT93J, a 

Zp-valued p-adic measure ^C^^s on Z{€) is constructed such that 
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where (i) A is a Hecke character modulo €p°° of infinity type kS + k{1 — c) with either A; > 1 and k e Z>o[i?] 
or fc < 1 and kS + k E Zyo[S], and A is the p-adic avatar of A regarded as a p-adic Galois character via 
geometrically normalized reciprocity law. (ii) Eulp{X) and Eulir+{X) are certain modified Euler factors (See 
(I4.16P ). (iii) I? is a well-chosen element in K. such that c(i?) = — i?. 

We fix a Hecke character x of infinity type kS with fc > 1 and suppose that 

€ is the prime-to-p conductor x- 
Let r~ be the maximal Zp-free quotient of the anticyclotomic quotient Z{(L)^ of Z{(t). Let x: 
p-adic measure on obtained by the pull-back of Cs:.i: along x- In other words, for every locally constant 
function on F^. we have 



Jt- J z(<t) 



IT- Jz{€) 

We call £i~ ^ the anticyclotomic p-adic L-function with the branch character x- Lst Vp be the valuation of 
Cp normalized so that Vp{p) — 1. Recall that the /i-invariant fi{(p) of a Zp-valued p-adic measure on a 
p-adic group H is defined to be 

A*(<y5) = inf Vp{ip{U)). 

U (ZH open 

Let fJ-~ x: '■— l^i'^x ^'^ ^^^^ /i-invariant of 'Cj^ x- ^^"^ other hand, for each we define the local 

invariant fJ-p{xv) by 

f^piXv) := inf Vp{xv{x) ~ 1). 

One of our main results in this paper is to give an exact formula of /i~ ^ when the Hecke character x is self-dual 
in terms of the local invariants iJ-p{xv) attached to x- Recall that we say x is self-dual if xIa^ ~ ''"k/j^I ' Iajt) 
where tiq/jt is the quadratic character associated to 1C/J-. It is not difficult to see that fJ.p{xv) agrees with the 
one defined in when X is self-dual. 

We remark that an important class of self-dual characters are those associated to CM abelian varieties over 
totally real fields (c/. |Shi981 20.15]). Our first result is the determination of fJ-~ ^ if X is self-dual. 

Theorem A. Suppose thatp\ Djr. Let x be a self-dual Hecke character of K,'' such that 

(R) the global root number W{x*) — 1; where x* '■— xMa^' 
Then we have 



51 l^P^Xv) 
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If the branch character x is not self-dual, we do not get the precise formula oi p^ ^. but we can still offer 
the following criterion on the vanishing of at least when x is not residually self-dual (Cor. [S^ . 

Theorem B. Suppose thatp\Djr and that 
(L) l^piXv) = for every v\€.~ , 

(N) X *s ""^ot residually self-dual, namely x+ ^ "Tk/J^^F {mod m). 
Then = ^■ 

The above two theorems verify a conjecture of Gillard |Gil911 p. 21 Conjecture (ii)] when p \ Djr (cf. the 
discussion in [Hidlll p.3]). Note that by the functional equation of complex L-functions, the //-invariant 
fi~ ^ = oo (i.e. 'Cj~ x = 0) if X is self-dual and W{x*) = — 1- If is an imaginary quadratic field, Theorem \K\ 
is proved by T. Finis |Fin06j . For general CM fields, both theorems are proved by Hida [HidlOj under the 
assumption that £~ = (1). The idea of Hida is to construct a family of p-integral Eisenstein series {£2}a(£D 
indexed by a suitable finite subset D of transcendental automorphism groups of the deformation space of 
the ordinary CM abelian variety -A/f^ such that the ^-expansion of some linear combination £ of {£a}a£D 
the CM point A gives rise to the power series expansion of the measure ^. Using a key result on the 
linear independence of modular forms modulo p [HidlOi Thm. 3.20, Cor. 3.21] combined with the g-expansion 
principle, Hida reduces the determination of ii^ ^ to an explicit computation of the Fourier coefficients of the 



"'^Self-dual characters are called anticyclotomic therein. 
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Eisenstein series £°. Assuming £ = (1), Hida computes the Fourier coefficients of £°, from which he is able 
to deduce a necessary and sufficient condition for the vanishing of /i-invariant l^^x;- remarked by Hida, 
the reason for the assumption £^ = (f) is that the calculation of the Fourier coefficients is rather complicated 

ifc-T^a). 

The aim of this paper is to lift the assumption € = (!)• The idea is to construct a new family of the toric 
Eisenstein series {£a}aeD '^^ which the Fourier coefficients can be computed with the help of representation 
theory and rewrite £ as a linear combination of these £a. The construction of £a relies on a special choice 
of local sections in a certain local principal series at each place of T. The choice of local sections outside 
p has been made in |Hsil2l §4.3]. At the places above p, such a choice is inspired by |HLS06| . where Katz 
p-adic Eisenstein measure is studied from representation theoretic point of view. To obtain the formula of 
we have to compute explicitly all Fourier coefficients of £a, which in turn can be decomposed into a 
product of the local Whittaker integrals attached to these local sections. In |Hsil2| . the local Whittaker 
integrals are determined explicitly by a straightforward computation at all places v other than those inert or 
ramified with > I. In general, for each v\€.^ and f3 e J^^ , the local /3-th Whittaker integral is essentially 

the partial Gauss sum Ap{xv) given by 

AfiiXv) = XvHx + 2-H)r{Px)dx, 

where 5 & K,v such that c[5) ~ —5 and ■0° is an additive character on Ty. It turns out that the /x-invariant fj,~ ^ 
is determined by the p-adic valuations of Ap{xv) with /3 in the global field for all v\€~ , and in particular, 
the non- vanishing modulo p of Ap{xv) for some (3 Cz J- implies the vanishing of M^^- It seems that Aij{xv) is 
difficult to evaluate in general. However, we can deduce the vanishing of assuming the vanishing of the 

local invariant fJ-p{xv) for each ti|£^. In other words, we can show the existence of /? £ such that 

(n.v.) Afi{xv) ^ (mod m) for all v\€~ . 

Indeed, it is shown in |IH siI21 Lemma 6.4] that at each v\€.^ there exists some in the local field with 
Ap^ iXv) non- vanishing modulo p, and then the strong approximation enables us to deduce easily the existence 
of f3 in the global field with the property (in.v.j) if x is not residually self-dual. In the special case x is 
self-dual and the global root number W{x*) = +1, we further need to show that this (3y satisfies certain 
epsilon dichotomy (See Prop. 1575)) . Under the assumption the ramified part of £~ is square- free, this epsilon 
dichotomy for (3^ is verified in |Hsil2| . To treat the general case, we identify Ap{xv) with the Whittaker 
integral associated to a certain Siegel-Weil section in the degenerate principal series of U{1, 1) and apply 
results in [HKS96, §6 and §8] to show that f3 indeed satisfies the epsilon dichotomy whenever A^(xt;) 7^ 0. 

This paper is organized as follows. In the first three sections, we review the theory of p-adic Hilbert modular 
forms and CM points in Hilbert modular varieties. In ^ we give the construction of our p-adic Eisenstein 
measure £ (Piov. W^ . We show in Prop. that the period integral of £ against a non-split torus gives rise 
to j3-adic i-functions for CM fields constructed in |Kat78| and |HT93| . In ^ we review Hida's theorem on the 
linear independence of modular forms applied by the automorphisms in D proved in jHidlO| . Finally, in ^ 
after establishing a crucial lemma (Lemma 16. 1 p relating the non- vanishing of Ap{xv) to the epsilon dichotomy 
of /3, we prove our main result fTheorem l6.5[) . 

Acknowledgments. The author would like to thank Professor Tamotsu Ikeda for helpful suggestions. The 
author is also very grateful to the referee for the careful reading of the manuscript and the suggestions on the 
improvements of the exposition. 

1. Notation and definitions 

I.l. Let be a totally real field of degree d over Q and let /C be a totally imaginary quadratic extension 
of J-. Let c be the complex conjugation, the unique non-trivial element in Ga\{IC/J-). Let O and R be the 
ring of integer of T and /C respectively. Let Vjr (resp. Djr) be the different (resp. discriminant) of T/Q. 
Let Vjc/jr (resp. D/c/jr) be the different (resp. discriminant) oifZ/F. For every fractional ideal b of O, set 
b* = b~^'D^^ . Denote by a = Hom(J^, C) the set of archimedean places of J^. Denote by h (resp. h^;) the set 
of finite places of F (resp. /C). We often write v for a place of F and w for the place of IC above v. Denote 
by J-y the completion of at w and by tu^, a uniformizer of J-y. Let K.^ = JC. 
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We fix a rational prime p. Througliout tliis article, in addition to (jordp . we further assume 

(unr) 2<p\D^. 

If is a CM type of /C. we put 

Up = {w G hjc I w\p and w is induced by tp o cr for a G S} . 

Recall that E is p-ordinary if Up n SpC = and Up U Z'pC is the set of places of /C lying above p. The existence 
of p-ordinary CM types is assured by (jord[) . Hereafter we fix a p-ordinary CM type S, and identify E with a 
by the restriction to 

1.2. If L is a number field, Al is the adele of L and Alj is the finite part of Al- The ring of integers of L 
is denoted by O^. For a G A^, we put 

ihia) := a(C'L «) Z) n L. 

Denote by C?l the absolute Galois group and by rec^ : — ^ G]^ the geometrically normalized reciprocity 
law. Let V'Q be the standard additive character of Aq/Q such that i^Qixoo) = exp(2TTiXao), a^oo G R. We 
define -0^ : Al/L — > by = "iAq ° Tri/Q(x). For 13 £ L, = iphiPx). li L = T, we write -0 for 

We choose once and for all an embedding too ^ Q ^ C and an isomorphism t : C ~ Cp, where Cp is the 
completion of an algebraic closure of Qp. Let tp ~ Uoo '■ Q ^ Cp be their composition. We regard i as a 
subfield in C (resp. Cp) via too (resp. ip) and Hom(L,Q) = Hom(L, Cp). 

Let Z be the ring of algebraic integers of Q and let Zp be the p-adic completion of Z in Cp. Let Z be the 
ring of algebraic integers of Q and let Zp be the p-adic completion of Z in Cp with the maximal ideal irip. Let 
m = t~^(mp). 

1.3. Let be a local field. We fix the choice of our Haar measure dx on F. If F is archimedean, dx is the 
Lebesgue measure on F. If F is a non-archimedean local field, dx (resp. d^ x) is the Haar measure on F (resp. 
F^) normalized so that Yo\{OF,dx) = 1 (resp. vol(C']J, d^x) = 1). Denote by |-|^ the absolute value of F 
such that d{ax) = \a\p dx for a G F^- . We often drop the subscript F if it is clear from the context. 



2. HiLBERT MODULAR ShIMURA VARIETIES AND HiLBERT MODULAR FORMS 

2.1. The purpose of this section is to review standard facts about Hilbert modular Shimura varieties and 
Hilbert modular forms. We follow the exposition in ^Hid04i §4.2]. Let V = Te\ © Tei be a two dimensional 
J^-vector space and (, ) : VyY — > 7^ be the 7^-bilinear alternating pairing defined by (61,62) — 1. Let 

^ = Oei © 0*62 be the standard 0-lattice in V. Let G = GL2 /jr. For g = ^ ^ 



G M2(-F), we define an 



involution g' = 



If g G GL2(J^) = G{J-), then g' — g ^ deig. We identify vectors in V with row 



vectors according to the basis 61, 62, so G has a natural right action on V . Define a left action of G on V by 
g * X :— X ■ g' , X . 

For a finite place v of 7^, we put 



{g G G(j-„) 1 .9 * (^ ®o a) ^^®o a} . 



Let K'^ — ritieh^S aiid Kp — Y\^\pK'^. For a prime-to-p positive integer N, we define an open-compact 
subgroup U{N) of G{Ajrj) by 



(2.1) 



U{N) := {g G G(A^j) \g = l (mod NJ^)} 



Let K be an open-compact subgroup of G{Ajrj) such that Kp — K^. We assume that K D U{N) for some 
N as above and that K is sufficiently small so that the following condition holds: 



(neat) 



K is neat and det(A') nO^ c{K nC 



THE ^-INVARIANT OF ANTICYCLOTOMIC p-ADIC L-FUNCTIONS 



5 



2.2. Kottwitz models. We recall Kottwitz models of Hilbert modular Shimura varieties. 

Definition 2.1 (S'-quadruples). Let □ be a finite set of rational primes and let U be an open-compact 
subgroup of K'-' such that U D U{N) for some positive integer N prime to □. Let Wu = Z(n)[<;^jv] with 

— exp(2^). Define the fibered category A^j^J^^ over the category SCH/y^^ of schemes over Wu as follows. 
Let 5' be a locally noethoerian connected yV[/-scheme and let s be a geometric point of S. Objects are abelian 
varieties with real multiplication (AVRM) over S of level U, i.e. a S-quadruple (A, A, 6, 77'-^^)s consisting of 
the following data: 

(1) ^ is an abelian scheme of dimension d over S. 

(2) i-.O'^ Ends A ®z Z(n) . 

(3) A is a prime-to-D polarization of A over S and A is the 0(n) +-orbit of A. Namely 

^ = 0(n).+A := {A' e Hom(yl, A*^) (g)z Z(a) | A' = A o a, a e 0(n),+ } • 

(4) 77(°) =77(°)C/(°) is a 7ri(S',s)-invariantJ7(°)-orbit of isomorphisms of O^-modulesTy^^) : if (g)zA^°^ ^ 
V'^^\As) Hi{As,Af^). Here we define /^(^'.g for g £ G(A^}) by 7]^^'>g{x) = r]^^\g*x). 

Furthermore, {A, A, t,^'''~'-')s satisfies the following conditions: 

• Let * denote the Rosati involution induced by A on Ends A ® "^{O) ■ Then = Vb E O. 

• Let be the Weil pairing induced by A. Lifting the isomorphism Z/NZ ~ Z/NZ{1) induced by (n 
to an isomorphism C : Z ~ Z(l), we can regard e-^ as an J^-alternating form e'*' : V^^\A) x V^^\A) ^■ 
O* (8)z Let denote the J^-alternating form on V^^'^{A) induced by e^{x,x') — {xri,x'ri). Then 

— u ■ e'' for some u G A^| . 

• As O ®z Os-modules, we have an isomorphism Lie A ^ O ®z Cs locally under Zariski topology of S. 
For two S'-quadruples A — {A, A, L,f]''^^)s and Al_ = {A', A', t', ?y'^'^^)s, we define morphisms by 

Hom_^(n)(A4^) = {0 e Homo(A,A') | V = A, 0o^(°) =^(°)}. 

We say A^A^ (resp. ^ ~ ^) if there exists a prime-to-D isogeny (resp. isomorphism) in Hom (□) {A, A' ). 

We consider the cases when = and {p}. When □ = is the empty set and U is an open-compact 
subgroup in G(A^}) = G(A^j), we define the functor £u : SCH/^^, ^ SETS by 

£u{S) ^ {{A,~X,i,r])s e Ak{S)} / ^ . 

By the theory of Shimura-Deligne, £u is represented by Shu which is a quasi-projective scheme over Wu- We 
define the functor (£[/ : SCH/Wu ^ SETS by 

eu{S) = [{A,~X,L,r])eA'^^ (S) I 77(°) ® z Z) = ffi (A^, Z) } / ^ . 

By the discussion in jHid041 p. 136], we have <Bk — > £k under the hypothesis (|neatp . 

When □ = {p} and U ^K,we let W = Wa' = 'Z'(p)[Cn] and define functor fj^^ : SCH/w ^ S'£;r5' by 

£^^\S) = {(A A,.,ry(^))s e / ^ ■ 

In |Kot92| ■ Kottwitz shows £^'' is representable by a quasi-projective scheme Sh'^p over W if iiT is neat. 
Similarly we define the functor : SCH/^ ^ Si^rS by 

e^^\s) = {(A, A,.,77(^')) e ^(^)(s) 1 v^p\^<s>z z(p)) = i?i(A^,Z(^'))} / ^ . 

It is shown in |Hid041 §4.2.1] that ^ 

Let c be a prime-to-pA'' ideal of O and let c G (A^^'')^ such that c = 11:^(0). We say (yl. A, Ty*-^-*) is 
c-polarized if A G A such that = ite'', u G cdet(_ft'). The isomorphism class [{A, A, t, Ty^^-*)] is independent of 
a choice of A in A under the assumption (|neat|) (c/. |Hid04[ p. 136]). We consider the functor 

€['^1{S) = |c-polarized S-quadruple [(A, A, i, ^(p')s] G ^^'(S)} . 
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Then ^'fj^ is represented by a geometrically irreducible scheme Sh^^\c) /y^, and we have 

(2.2) 5/i(^Vw= U Sh^^\c)/w, 

[,]eci+{K) 

where Cl^{K) is the narrow ray class group of T with level det(iir). 

2.3. Igusa schemes. Let n be a positive integer. Define the functor I]f „ : SCH/y^ SETS by 



,(5) = {(A,A,.,ry(^'),j)s}/^, 

where (A, A, i,f]^-^^)s is a S'-quadruple, j is a level ^''-structure, i.e. an 0-group scheme morphism: 

j:0* ®z /ip- -^^[p"], 

and ~ means modulo prime-to-p isogeny. It is known that is relatively representable over fj^-* (c/. |HLS06[ 
Lemma (2.1.6.4)]) and thus is represented by a scheme Ik.u- 

Now we consider S'-quintuples (A, X, i,r]'-^P\ j)s such that [(^, A, i, ^''^•')] 6 £[^jj.(S'). Define the functor 



X^)„(c) : 5Ci//w ^ SETS by 



,(c)(5) = [{A,X,L,rJ^P\j)s as above}/ 



ThenZj^-^(c) is represented by a scheme //i'_„(c) over Sh^^'{c), and /ii-_n,(c) can be identified with a geometrically 
irreducible subscheme of /^.n ([DRSO, Thm. (4.5)]). For n > n' > 0, the natural morphism 7r„.„/ : /_r-.„(c) — >■ 
lK,n'{'^) induced by the inclusion O* ® fip^' ^ O* ® fip^ is finite etale . The forgetful morphism tt : lK,n{^) ^■ 

Sh^^\c) defined by tt : {A,j) h- > A is etale for all n > 0. Hence lK,n{c) is smooth over Spec W. We write /k(c) 
for lim^/i^_„(c). 

2.4. Complex uniformization. We describe the complex points Shij{C) for U C G(Ajrj). Put 

X+ = {t = {Ta)aea £ | Im > for all o- £ a} . 

Let be the set of totally positive elements in J' and let G{J-)^ = {g e G{J-) \ detg G Define the 

complex Hilbert modular Shimura variety by 

M{X+,U) := G{T)+\X+xG{A^j)/U. 

It is well known that M{X+,K) ^ ShuiC) by the theory of abelian varieties over C (c/. |Hid04[ §4.2]). 

For T = (T£r)o-ea S X'^ , we let Pr be the isomorphism V ®q R C"^ defined by pr{aei + 662) = ar + b with 
a,b ^ F (X)Q R = R"*. We can associate a AVRM to (r, g) e X+ xG'(Ajr./) as follows. 

• The complex abelian variety Ag{T) — C^/prig * -Sf). 

• The 7^_|_-orbit of polarization ( , )^^^ on Ag{T) is given by the Riemann form ( , )can ■— ) ° Pt^- 

• The Lc ■ O ^ Endyig(r) (X)z Q is induced from the pull back of the natural J^-action on V via Pt- 

• The level structure rjg : ^ (g)z A/ ^> (5 ^ ^) — Hi{Ag{T), Af) is defined by r]g{v) — g * v. 

Let Ag{T) denote the C-quadruple {Ag{T),{, )can' ''d -^%)- Then the map [(r, g)] H> [yig(T)] gives rise to an 
isomorphism M{X+, U) Shu{C). 

For a positive integer n, the exponential map gives the isomorphism exp(27ri— ) : p~"Z/Z ~ fi^n and thus 
induces a level ^"-structure j{gp): 

g-jf 

j{gp) ■■ O* ®z (J-pr. ^ 0*62 ®z p-"Z/Z ^ ®z p-"Z/Z ^ yig(T)[p"]. 

Put 

(.9 e if I gp = 



1 * 
1 



(mod p") 
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We have a non-canonical isomorphism: 

[{T,g)] ^ [{A,{T),—^^,^,ic,V^J'\j{g,))]. 

Let z = {^(T}a£a standard complex coordinates of and dz = {dz^}^^^. Then 0-action on dz 

is given by ic{a)*dzcr = a{a)dza, cr € a = Hom(J^, C). Let z = Zid be the coordinate corresponding to 
ioo : -T^'^ Q ^ C. Then 



(2.3) 



(O ®z C)dz = H^{Ag{T), nj,^(r)/c)- 



2.5. Hilbert modular forms. For r £ C and g 



a b 
c d 



e GL2(R), we put 



(2.4) J{g,T)=CT + d. 

For r = (TCT)o-ea G X+ and g^o = {ga)ae& £ G{T ®q R), we put 

J{9oo,t) = J]^ J{ga,T^)- 

Definition 2.2. Denote by Mfc(iir", C) the space of holomorphic Hilbert modular form of parallel weight kE 
and level K^. Each f £ M.k{K^,C) is a C-valued function f : xG{Aj-j) C such that the function 
f(— , g/) : C is holomorphic for each gj £ G{Ajrj) and 

f(a(T,5/)M) = Jia,Tf^i{T,gf) for aU w £ and a £ G'(J^)+. 

For every f £ Mfc(iir", C), we have the Fourier expansion 

f(r,5/)= E W^/3(f,ff/)e'"^-/«(''^). 
/3eJ^+u{o} 

We call Wp{f,gf) the /3-th Fourier coefficient of f at gf. 

For a semi-group L in 7^, let = J> H L and L>o ~ L+ U {0}. If i? is a ring, we denote by B\L\ the set 
of all formal series 

E 0/3^, £ B. 

Let a, 6 £ (A^^'')^ and let o = ilj^(a) and b = i[jF(fc). The (/-expansion of f at the cusp (a, b) is given by 



(2.5) 



f|(a,b)(9)= E 

/3e(Ar-iab)>o 
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)/ £C[(iV-iob)>oI. 



If i? is a W-algebra in C, we put 

Mfc(c,7^I\B) = {f £ Mfc(ifr,C) I f|(„,t,)(g) £ B[(7V-iab)>ol for all (a, b) with ab"! - c} 



2.5.1. Tate objects. Let ^ he & set of c? linearly Q-independent elements in Hom(J^, Q) such that > 

for / £ c5^. If L is a lattice in T and n a positive integer, let L^_„ = {x € L \ l{x) > — n for all I £ ,5^} and 
put B{{L; ,^)) — lim BfLy^nj- To a pair (o, b) of two prime-to-piV fractional ideals , we can attach the Tate 

AVRM Tatea,b{q) = a* (8)z Gm/q'' over Z((ab; J^)) with O-action tca„. As described in |Kat78| . Tatea,b{q) 
has a canonical ab~^-polarization Acan and also carries Wcan a canonical O ® Z((ob; ,5^))-generator of f^Tate„ i, 
induced by the isomorphism '^^i(i{Tatea^b{q) /7.((ab;y))) = <i* Lie(G.m) — a* Z((ab;^)). Since o is prime 
to p, the natural inclusion a* (8>z l^p^ ^ a* (g)z Gm induces a canonical level ^"-structure rjp^can ■ O* ®z = 



5z Mp.i Tatea,b{q)- Let ^a.b = ^ 



— bei © a*e2. Then we have a level A^-structure 



vifX ■■ A^"^ifa,fa/^c.,t. ^ Tate„,b(g)[iV] over Z[C,N]{{N-'^ab; Y)) induced by the fixed primitive A-th root of 
unity Cat- We write Tate „ ^, for the Tate Z((ab; ^))-quintuple (Taiea,b(<?), Acan, ^can, Jyial, ?7p,can) at (a, b). 
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2.5.2. Geometric modular forms. We collect here definitions and basic facts of geometric modular forms. The 
whole theory can found in |Kat78j and |Hid04| . Let T = Reso/z^m and k G Hom(T, G,„). Let B be an 
0-algebra. Consider [{A,j)] = [{A, X, L,f]^P\j)] G /k,„(c)(C) (resp. [{A,j)] = [{A,~X,i,rj(P\j)] e Ik AC)) for 
a _B-algebra C with a differential form u) generating H^{A,Vlj^/(j) over O Oz C. A geometric modular form 
/ over B of weight k on lK,n{c) (resp. lK,n) is a functorial rule of assigning a value /(A, j, a;) G C satisfying 
the following axioms. 

(Gl) f{A,j,u:) = G C if {A,j,u:) ~ {A',j',u;') over C, 

(G2) For a i?-algebra homomorphism (p : C ^ C , we have 

(G3) /(U,J,a'^) = /«(a-i)/(Aj,w) for all a G T(C) = (O «.z C)^ 

(G4) f( Tate ^j,.LOrn„) G B|(7V~iab)>ol at all cusps (a, b) in /k,„(c) (resp. /^^n). 

For a positive integer k, we regard k G Hom(r, G„i) as the character x ^ 'Njr^Q{x)'', x E . We denote by 
A4k{c, K" , B) (resp. Aik{Ki , B)) the space of geometric modular forms over B of weight k on lK.n{'^) (resp. 
lK,n)- For / G 7Wfc(K^S), we write /|, G Mk{c,K^,B) for /|7^,„(c). 

For each / G Mk{Ki^ C), we regard / as a holomorphic Hilbert modular form of weight k and level by 

fi^^gf) = f{Ag{T),\can,ic,rig,2mdz), 

where dz is the differential form in (|2.3p . By GAGA principle, this gives rise to an isomorphism AAk{K'^ , C) ^■ 
Mfe(i^}\C) and7Wfc(c,i^f,C) 4 Mfe(c, , C). As discussed in |Kat78[ §1.7], the evaluation i{ Tate „^,. us^r,) 
is independent of the auxiliary choice of ,5^ in the construction of the Tate object. Moreover, we have the 
following important identity which bridges holomorphic modular forms and geometric modular forms 

f|(a,b)('?) = i{Tatea,^^^can) G C KiV" ^ ab) >„! • 

By the g-expansion principle (See |Lanl2| ). if B is W-algebra in C and f G Mfc(c, iiT", B) ~ 7Wfc(c, iiT", B), 
then f|c G Mk{c,K^,B). 

2.5.3. p-adic modular forms. Let i? be a p-adic W-algebra in Cp. Let V{c,K,B) be the space of Katz 
p-adic modular forms over B defined by 

Vic K,B) :=lmilimff°(/K,„(c)/B/p..B,0/K,J- 

m n 

In other words, Katz p-adic modular forms are formal functions on the Igusa tower. Let C be a B/p"^B- 
algebra. For each C-point [(A, j)] = [{A, X, L,r]''P\ j] G Ik{c){C) = l^im^^ lK,n{c){C), the p°°-level structure j 
induces an isomorphism : O* Oz C ~ Lie A, which in turns gives rise to a generator uj{j) of H''^{A, Ha) as 
a O (E)z C-module. We thus have a natural injection 

Mk{c,Kl\B)^V{c,K,B) 

(2.6) 

/->/(Aj):-/(Aj,'^(j)) 

which preserves the g-expansions in the sense that f\(a.b){Q) ■— f( Tate ^ ^) — /|(a,b)(<z)- We will call / the 
p-adic avatar of /. 

2.6. Hecke action. Let h G G(A^J'). Put hK liKh-^. We define \h : „ ^ by 

iA,X,L,r]^P\j) ^ A\h^ {A,X,i.r]^P^h,j). 

Then \h induces an W-isomorphism lK,n IhK,n- In addition, \h induces an W-isomorphism Ix.ni^) ^ 
I^K,n{<^ih)) with c{h) = cdet(/i)-i and hence Mk{c{h), , B) ^ MkiChK^^B) for every W-algebra B. 

Using the description of the complex points Sh^^\C) in ^2.41 the two pairs {Ag{T) \h,uj) and {Agh{T),uj) 
are Z(-p)-isogenous, so we have the isomorphism: 

Mfe(c(/i),i^r,C)-4Mfe(c,,i^^C) 

f {\h{T,g) ^ i{T,gh). 
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3. CM POINTS 



3.1. In this section, we give an adehc description of CM points in Hilbert modular varieties. Fix a prime-to-p 
integral ideal £ of R. Decompose £ = where £+ = is a product of split primes in /C/J-" such that 

{■Si'Sc) = 1 and ^ C and £^ is a product of non-split primes in 1C/J-. Let 

D := p€€^Df^/^. 

We choose d £ K. such that 

(dl) 1?^= = -d and Im cr(i9) > for all ct £ 17, 
(d2) c(i?) := (2i?I?-J^) is prime to S). 

Let := (cr(?9))<,ei; £ X+. Let D = -d^ F+ and define p : tC 

/a 7N \b —Da 
p{ad + b) = 



M2iT) by 



Consider the isomorphism qi} : K, J-^ = V defined by q-9{ad + 6) = aei + he2- Note that (0, l)p{a) = q-ff{a) 
and g^(a;Q;) = q^{x)p{a) for a, a; G /C. Let C{IJ) be the AI!- module whose underlying space is with the /C- 
action given ^(a;^) = {(7{a)xa-). Then we have a canonical isomorphism /C R = C(i7) and an isomorphism 



5q 



R 



/c®qR = c(i;). 



3.2. For each split place v\p'Sd'', we decompose t; = ww into two places w and wJ of /C with wli^^Z'p. Here 
wl^Sp means w\^ or w € Sp. Let (resp. e^j) be the idempotent associated to w (resp. w). Then {e„,,e^} 
gives an 0„-basis of R^. Let € J-^, such that d = — 'i?uie!i7+ '^w&w 

For a non-split place w and w the place of /C above w, we fix a Ot,-basis {1, 0^} such that ©i, is a uniformizer 
if u is ramified and By = —6^ if w | 2. We let ty = 0.„ + 0^ and let 5^ := By ~ 9y be a generator of the relative 
different T), 



Fix a finite idele djr 
2My^ iiv\D,c/T^- 



{djr^) e Ajrj such that xlj^{djr) 
(resp. djr^ — —2dyj \iw\^Ep). 



Vjr, By condition (d2), wc may choose 



3.3. A good level structure. We shall fix a choice of a basis {ei,«, e2,v} of R ®o Oy for each finite place v 
oi ^ . If w I p£C^, we choose {ei^^, g-2,v} in i? (8) Oy such that R ®o Oy = OyCi^y © 0*e2,y Note that {ei,„, e2,y} 
can be taken to be 1} except for finitely many v. If v\p^^'', let {ei,y^ e2.v} = {e^jr, rfj^^, ■ e^,} with w\^Sp. 
If u is inert or ramified, let {ei,i,,e2,u} = {9y,djr^ ■ 1}. For w 6 h, we let be the element in GL2(-F^) such 

ImCT(^') 0" 
1 



that ei(;'y = q{){ei.v)- For u = cr e a, let 
finite component of cr. By the definition of ^, we have 

* (8)z Z) = cg)z Z) • cr} = q^(R (8)z Z). 
The matrix representation of <:,y according to {ei, 62} for v\i^ is given as follows: 





We define ^ = Hi; ^ GL2(Ajf-). Let ^/ be the 



(3.1) 



-2-4^ 



if 



2 

2i5„ 



_ 1 
2 

-1 
2i?„ 



1 



2 
-1 
2i5„ 



if uIpS^S^*^ and wjS^Z'p. 



3.4. The alternating pairing ( , } : ICxIC :— > J- defined by {x,y) = {c{x)y — xc{y)) / 2^3 induces an isomorphism 
RAo R^ c{R)~^V^^ for ideal c(i?) = V^^{2-dV~'^^j,). On the other hand, by the equation 

V^^ dct(<^/) = A^^'i'f = A^R = c{Ry^V^^, 

we also have c{R) = (det(cr/))^^. 

For a G (A^J^)>^, put a = (^(a) and c(a) := c(i?)Nx;/^(a)-i. We let 

(4(a), j(a))/C = {•Ap(a)if{-d^),{, )can, Lcan,ri'^^Ha), j{a)) 

be the c(a)-polarized C-quintuple associated to (i9^, p(a)<;/) as in 42A\ Then (ii(a), j(a))/c is an abelian 
variety with CM by the field /C and gives rise to a complex point [{"d^ , p{a)(;f)] in /if(c(a))(C). Let W be 
the maximal unraniified extension of Zp in Cp and let W be the p-adic completion of W. By the theory 
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of CM abelian varieties, the C-quadruple A(a)/c is rational over a number field L (See |Slii981 18.6,21.1]), 
which in turn descends to a VF-quadruple A{a) by a theorem of Serre-Tate. In addition, since the CM type 
S is p-ordinary, A{a) ® Fp is an ordinary abelian variety (c/. |Kat78[ 5.1.27]), and hence j{a) descends to a 
level p°°-structure over W . We obtain x{a) G (c(a))(Vl^) ^ IxiW). This collection of points x{a) with 
a £ (A^^-*)^ is called CM points in Hilbert modular varieties. 



4. Katz Eisenstein measure 



4.1. In this section, we recall the construction of p-adic i-functions for CM fields following |Kat78) and 
|HT93| . First we give the construction of a p-adic Eisenstein measure of Katz, Hida and Tilouine from 
representation theoretic point of view. This construction is inspired by |HLS06| . 

Let A be a Hecke character of K.^ with infinity type kS + k(1 — c), where fc > 1 is an integer and 
n — 'Y^ Kcrcr G Z[Z'], > 0. We suppose that £ is divisible by the prime-to-p conductor of A. Put 

_ j_ 

Let :— Hiiea ^0(2, R) be a maximal compact subgroup of G{J- ®q R). For s G C, we let /(s, A+) denote 
the space consisting of smooth and ifj^-finite functions (f) : G(Ajr) — > C such that 



a b 
d 



9) = K\d) 



0(.9)- 



Conventionally, functions in /(s, A+) are called sections. Let B be the upper triangular subgroup of G. The 
adelic Eisenstein series associated to a section (f) G /(s, A+) is defined by 



■y£B{J^)\G(J^} 



The series E^{g, (p) is absolutely convergent for Res 0. 

4.2. Fourier coefficients of Eisenstein series. We put — ^ q 

Iv{s, A+) be the local constitute of I{s, A+) at v. For 0^, G Iv{s, A+) and (3 G J-v, we recall that the (3-th local 
Whittaker integral VF^(0^,g„) is defined by 



Let w be a place of T and let 



and the intertwining operator is defined by 



01, (w 



1 

1 



1 Xy 

1 



gy)ip{-l3xy)dxy, 



gv)dxy . 



By definition, M^(t)y{gy) is the 0-th local Whittaker integral. It is well known that local Whittaker integrals 
converge absolutely for Res 3> 0, and have meromorphic continuation to all s G C. 

If = ®v4>v is a decomposable section, then it is well known that E^{g,<f)) has the following Fourier 
expansion: 



(4.1) 



Ea[9, = 0(5) + Mw0(5) + WpiE^.g), where 
M^(t>{g) =^=^= • n^^w0i,(.9t,) ; Wp{EA,g) = ^p-^— • n^/5('?^"'5^ 



The sum 4>{g) + M^(j){g) is called the constant term of E^{g, 0). The general analytic properties of the local 
Whittaker integrals and the constant term can be found in |Bum971 § 3.7]. 
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4.3. Choice of the local sections. In this subsection, we recall the choice of sections made in |Hsil2[ §4.3]. 

We first introduce some notation. Let w be a place of T. Let LjT^ be a finite extension and let be a 
generator of the absolute different of L. Let -0^ := -0 ° Tr^/jr^. If/i:i^ is a character, define 

a(/x) =inf{neZ>o | = 1 for aU x G (1 + iu^Cl) n 0]^ } . 
We recall that the epsilon factor e(s,/i, 0^) in }Tat79| is defined by 

e{s,n,ipL) = \c\l / fi^^{x)'4)Lix)dLX, c = dLwf;'^\ 
Here di^x is the Haar measure on L self-dual with respect to The local root number W{ii) is defined by 

W{^Ji) :=e(i ^,0i) 

(c/. |MSOO[ p. 281 (3.8)]). It is well known that |W^(Ai)lc = 1 if /i is unitary. If is a Bruhat-Schwartz function 
on L, the zeta integral Z{s, Lp) is given by 

Z{s,ii,(p) — J tp{x)ii{x) \x\^j^ d^ X (s e C). 

To simplify our notation, we put F = J-y (resp. E — IC ®jr J^y) and let dp — djr^ be the fixed generator of 
the diff'erent Vjr of J'/Q in Write A (resp. A+, x*) for A.„ (resp. A+^^,, xD- If w e h, we let 0„ = Op 

(resp. Rv ~ R ®o Ou) and let w — Wy. For a set F, denote by ly the characteristic function of Y . 

The archimedean case: Let v = a Cz S and F = H. For g G GL2(R), we put 

'1 



d{g) = |det(g)| • J{g,i)J{g,i) 
Define the sections 0^ j, g. of weight k and (f>^-^ s o- weight k + 2k„ in Iy{s, A+) by 

=J(5,^)"'^(5)^ 



The intertwining operator M^(f)k,s,(T is given by 

(4.2) M^0t,,(g) =z^(2^) ^f + ~ ■ J(^' det(g)-'-^(.9)^-. 

r(fc + s)r(s) 

T/ie case v \ 1) or v\p^^'': Denote by S{F) and (resp. S{F © i^)) the space of Bruhat-Schwartz functions on 
F (resp. F ® F). Recall that the Fourier transform ^ for G S{F) is defined by 

^(y) = / (pix)^p{yx)dx. 
Jf 

For a character fj, : F^ — ^ C^, we define the function </7^ G 5(F) by 

If vIp^^"^ is split in /C, write w = with w\^Sp, and set 

(Ptu = (/^A^ and = ip^_i . 

To a Bruhat-Schwartz function $ G 5(F © F), we can associate a Godement section /$ ^ G /i,(s, A+) defined 
by 

(4.3) /$,.(g) Idet^r / $((0, x)g)A+(a;) d^x. 
Define the Godement section 4'\,s,v by 



(4.4) (t)x,s,v = /.fS.s, where ^l{x,y) = 



Io„(a:)Io;(2/) •••wt®, 
ipw{,x)(pyj{y) ■■■v\ p^^" 
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We remark that the choice of $° has its origin in [Kat78[ 5.2.17] (c/. |HT93[ p.209] and |HLS06[ 3.3.4]). For 
every u G with v\p, let ip^ and cpw'^ G '5(F) be Bruhat- Schwartz functions given by 

'Pwi^) = Ii+roO„(a;)A^^(x) and (p\i;\x) = lu(i+mO^){x)Xw{x). 

Define $1"' G S{F © F) by 



(4.5) 



-^4(x)^M(y) = (Itnf^ - l)^i^(x)^M(2/)- 



vol(l + TuOy,d^x) 

The case v\Dic/jr<t^ : In this case, F is a field and G{F) — B{F)p{E^). Let (t>\^s,v be the unique smooth 



section in /^(s, A+) such that 



(4.6) 



d 



p{z)<;,) = L{s,K)-\l\d) - •A-i(z) (6 eS(F),zG £;><), 



where L(s, A^) is the local Euler factor of A„, and ^„ is defined as in p.ip . Note that L(s, A«) = 1 unless i; f £ 
is ramified in /C. 

4.4. The local Whittaker integrals. We summarize the formulae of the local Whittaker integrals of the 
special local sections (j)x_s,v in the following proposition. 

Proposition 4.1. The local Whittaker integrals of (f)x^s,v are given as follows: 
If a £ a, then 

{2Tlif 



y X 
1 



)\s=0 



If V £ h and v \ T), then 
Ifv\1>, then 

Wfs{(j)x,s,v, l)|s=0 



m 



a{PY-^ exp(27ria(/3)(x + ly)) ■ V ('^(Z?))- 



=0 



ZD C,, 7x7 



\v^\-HoAPc,)- 



i=0 



A^(/3)Iox(/3)-|P^r' 



where 

(4.7) Afi{K) 
If V = WW with w G Up, then we have 



L{0, A„) • A^iK) ■ \V:r\-^ i;{~2-Xd^l) ■ ■ ■ v\<^-D^/^, 
X-\x + 2-^dy)^{-d^ll3x)dx. 



W//5(4h,1)|s=o =A^(/3)I„(i+^„o„)(/3) • 



V 



(u G o: 



In particular, we have 



s=0, 



where Uy is the torsion subgroup of . 

Proof. The formulas of the local integrals of (j)x,s.v can be found in |Hsil2[ §4.3], and the computation of 
the local integral M^^(/^[„], 1) is straightforward. We omit the details. □ 

Remark 4.2. We remark that the local Whittaker integrals at all finite places belong to a finite extension 
of f^^y Indeed, it is well known that A|^x takes value in a number field L and At, takes value in O 

for each finite v \ p, so the local Whittaker integrals VF^ (</>>. s,t;, 



)\s=a belongs to Oj^j^p) whenever 
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V \ €rDf^/jr. Suppose that v\€.~ Df^jjr. Then there is an Mg^ > such that |a; + 2^^(5^|^ < Itnj*^''" for all 
X e w^'^'Ov as Sv ^ J^v, and we have 

for M > max {«(£), v{(t) — v{(3)}. We may thus enlarge L such that y4.^(A„) takes value in Oi^j^p) as well. We 
shall fix this L and let := C'l.(p) in the remainder of this paper. 

4.5. Normalized Eisenstein series. We introduce some normalized Eisenstein series. 
Definition 4.3. For each Bruhat-Schwartz function $ = ®v\p^v on Fp © Fp, we define 

= (8) ^k,s,a (8) '^^^-.^ • = "-^^ 

v\p 

and define the adelic Eisenstein series by 

El{^){g) = i?A(5,'^L(*))l-o, • = h,n.h.. 
We define the holomorphic (resp. nearly holomorphic) Eisenstein series E^(<i>) (resp. E^ '' ($)) by 

((t,5/) G X+xG(A^,/). .9oo e G(-F«)Q R), .9ooi = t, i = (i)<7Gi:)- 
Let <i>p = ®u|p$S be the Bruhat-Schwartz function on Fp Fp defined in (|4.4p . Set 

E^J = E^($p and E^''*- = E'^'-''-($p. 

For every w = {uv)v\p G Huip = i •I'p"' = ®v\p^^v''^ be the Bruhat-Schwartz function defined in (|4.5p 
and set 

We choose = ^x./Cii^'^K/ J^Y"' foi' ^ sufficiently large integer m so that (t)\_s,v are invariant by U{N) for 
every u|A^, and put K := U{N). Then the section (/)a,s('&p'') is invariant by K" for a sufficiently large n. 

Let c = (ct,) e such that Ct, = 1 at v\T) and let c = iljr{c). For each /3 G F+, we define the prime-to-p 
j3-th Fourier coefficient ajj^"* (A, c) by 



1 

^-1 



)|.=o-Io^(/3) 



(4-9) =/3('=-i)^n^-(/5)iio^(/5)-n ("E^^+-i-r'(<) 

X Y[ L{0,Xy)Ap{X,)ijy{-2^H,d^l). 

The last equality follows from the formulae of the local Whittaker integrals in Prop. 14.11 It is clear that 
a^^^(A,c) belongs to 0. 

Proposition 4.4. The Eisenstein series E^ ^ belongs to Mfc(ii'", C). The q-expansion o/ E^ ^ at the cusp 
(O, c~^) has no constant term and is given by 

eLI(o.c-)(<z)- E a^(EL:C)-/eO[(7V-ic-i)+], 

/3e(jv-ic-i)+ 
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where the j3-th Fourier coefficient a^(E^ ^, c) is given by 



(4.10) 

Therefore, E'^ J, £ Mk{c,K[\0) and 



where Up is the torsion subgroup of Op . 

Proof. By the definition of the local sections 4)\^s,v for v\p we find that 

(t)\,sA^) = ; Mw0A,.,^,(l)|.=O = 0, 

so ^ has no constant term. Therefore, we can derive the g-expansion of from the equations (|4.ip . (14. 9p 
and Prop. 113] To verify the second assertion, note that the Fourier coefficients a^(E^, c) can be written as 

a^(E^ c) = ajf)(A, c) • /3^^A,;^(/3)Iox 

Thus, we have 

a;3(E^,c)= a/3(IE^.„,c). 

u^Up 

This completes the proof. □ 

Remark 4.5. An important feature of our Eisenstein series E^ ^ and E^ is that they are toric Eisenstein 
series of eigencharacter A. In other words, they are eigenforms of the Hecke action \[a\ :— p{a)^f) for a 
class of ideles a £ T := Yl'yeh C where 



O^^F^ if vis split, 
/C^ if V is non-split. 



More precisely, from the definitions of the sections 4)\^s,v and /^[uj, it is not difficult to deduce that 

(4.11) E^|[a] =A-i(a)E5j; E^J^JH = A-i(a)E^,w- (« ^ '^): 

where u.a}^'^ :— uas clJ^I G . The above equation will play an important role in the proof of Theorem l5.5l 

p p p 

4.6. p-adic Eisenstein measure. For every integral ideal a of R, we put 

[/Ac(a) = |a G (i? «)z Z)^ I a = 1 (mod a)| . 
Let Z{C) be the ray class group of JC modulo Cp°°. Then the reciprocity law rec^c induces an isomorphism: 

recK : hm/C^ \A^^^./(7K(e:p") ^ Z{€). 

n 

Let C{Z{€.), Zp) be the space of continuous Zp-valued functions on Z{€.). Define a subset X+ of locally algebraic 
p-adic characters by 

X+ = |a : Z(£) ^ I A has infinity type of fcZ", fc > l| . 
Then X+ is a Zariski dense subset in C{Z{<t), Zp). Let Zi be the subgroup of A^ j given by 

(4.12) zi = r; X {Af}) X n n ^» ■ 

Let Zi := Tecic{Zi) be a subgroup of Z{€). 

We write E^ ^ for Ejj|c and let £,\ c '■= E^ ^ be the p-adic avatar of E^ ^. Let {6{cr)}^^^ be the Dwork-Katz 
p-adic differential operators on p-adic modular forms ([KatTSj Cor. (2.6.25)]) and let 9^ — W^^^: ■ The 

following is a direct consequence of Prop. 14.41 

Proposition 4.6. There exists a V{c, K,Zp) -valued p-adic measure 8,^ on Z{<t) such that 
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(i) £c is supported in Zi, 

(ii) for each A € X'^ , we have 

/ A(i£c = £a,c- 

Moreover, if X has infinity type kS + k(1 — c), then 



Proof. Put a^(A, c) = tp(/3'*^a^(E^, c)). Recall that if A is a Hecke character of infinity type kS + k{1 — c), 
then Xs^iP) = ip{P''^+'^)Xs^{f3). By definition, we have 

a^(A,c) = aJf)(A,c)A^^(/3)Iox(/3). 
By the inspection of (|4.9I) . we find that eS^\x, c) has the following form: 

a.p''' (A, c) = ^ 6j • X{aj) for some &j G Zp and 

^'■''^ e (A(.^y)x n n 

Therefore, we have 

a^(A,c) =^6, ■ A((*^J/3),a,))Iox(/?), *^,(/3) = 1)^ £ i?; = (i?^^ ®i?^c)\ 

For every G C(Z(£), Zp), we define c) :— 6j • 4){{isp aj))lQX (/3). Thus, </> M> a^((/), c) defines a 

Zp-valued p-adic measure on Z{€) supported in Zi. Define a Zp|(A^~^c~^)+]-valued p-adic measure ^^{q) by 



/ ^d£,(g)= V a0(0,c)g''. 



If A e X+, then k — Q and a^(A, c) = tp(a^(E^, c)), and we have 

/ Ad£c(q)= ^ a^(A, c)/ £a,c|(o,c-i)(9)- 

/3e(Ar-ic-i) + 

Therefore, by the g-expansion principle and the Zariski density of in C(Z(£),Zp), the measure £.^{q) 
descends to a unique V{c,K, Zp)-valued p-adic measure £c supported in Zi such that 

/ A(i£c|(o = / XdE^{q) for every A e 

In addition, if A has infinity type kS + k(1 — c), then 

(4.14) ^?"£a,c|(o,c-i)(9)= E tp(ra0(E^,c))g^ = ^ a^(A,c)/ 

^Je(Af-ic-i)+ 0e(jv-ic-i)+ 

by the effect of the p-adic differential operator 9 on the q-expansions |Kat78[ (2.6.27)] (c/. [HT93[ §1.7 p. 205]). 
This verifies the second assertion. □ 

4.7. The period integral. We recall the period integral of the Eisenstein series calculated in |Hsil21 §5]. 
First we fix the choice of measures. For each finite place v of J^, let Zy be the normalized Haar measure 
on K,^ so that Yo\{R^^d^Zy) = 1 and let d^t^ = d^z^/d^x^ be the quotient measure on K.^ /T^. If v is 
archimedean, let d^t^ be the Haar measure on IC^ jT^ = C^/R^ normalized so that vo\{C^ /R^ , d^ty) — 1. 
Let d^t = Yly d^ty be the Haar measure on A^/A^ and let d'^the the quotient measure oid^t on /C^ A^\A^ 
by the discrete measure on /C^ . Let (f)y = (j)x^s,v ii v eh and (fiy = (f>x'sy if w G a. Put 

llcA't'vAv) = / (t)y{p{t)<,y)Xy{t)d^t. 
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Define the period integral Ik.{Ex'^') of E^^-'^- by 
It is shown in [Hsil21 §5.1] that 

Ik{ET"-) =1[IkMv,Xv)\s=o. 

V 

Proposition 4.7. The local period integral Ik:^{4'v, ^v) is given as follows: 

{L{s, At,) • • ■ w I S) • oo, 

L(s,A,)•vol(/C^/■^„^c^^^) •■• v\D^f:^€-, 
vol(C^/R^,d^i) ••■ w I oo. 

Proof. These formulas can be found in |Hsil2[ §5.2, §5.3]. □ 

It remains to determine the local period integral Ik^{4'v,^v) for In this case, (jj^ is the Godement 

section f^O g associated to the Bruhat-Schwartz function $° defined in (14. 4p . We thus have 



k„(0^: A„) =Z(s,At,,$Kj := / $K„(2)A^(z) |z|^ d^^z, 

where is given by 

<i>K„(z) :=$°((0,l)p(zK). 
By a direct computation as in |Hsil21 §5.2], we find that 

Z(S, A„,$/c,) = \w{-'^'&wd'jrl)\w{~'^'&w)Z{s,X^,Lpj;!f)Z{s,\n,,(pw) {w\Sp'^). 

By Tate's local functional equation, we have 

e(.s, \w,xp)L{l - s,\w ) 
On the other hand, Z{s, Xuj, ip^) — 1 and djr^ = —2dw Hence, we find that 

(4.15) l^S4>v,K)^Z{s,\<^^^) = X^{-2d^)- ^}''^:"}^:"^~^\_,. {w\Ep^). 

Define the modified Euler factors Eulp{\) and Eul^+{X) by 

Eulp{\) := Eul{\w); Eul^+{\) — '^Eul{\w), where 

(4.16) '^"^^ 

ii;u/(A^) := A„(2^^) 



e(0,A^,V)i(l,A^i)' 

Combining Prop. 14771 and ()4.15p . we obtain the following formula of the period integral lic{E^^-^-). 

Proposition 4.8. Let r be the number of prime factors of Diq/jt. We have 

Ik{EI-^-) = r ■ L(f'^)(0, A) • Eulp{\)Eul^+{\). 

4.8. Katz p-adic L-functions. Let CI- = /C^A^ f\-^K f / {R®z^)^ ■ Recall that we introduced a subgroup 
T of J in Remark 14.51 Let C/^'^ be the subgroup of CI- generated by the image of T in CI-. It is easy to 
see that CV^^ is in fact generated by primes ramified over F. In particular, '^CV^^ is a power of 2. Let Vi be 
a set of representatives of Cl-fCl'^^ in (A^j)'^ . Following [HidlOi (4.12)], we let be the p-adic measure 
on Z(£) such that for each </> G C{Z{€), Zp), 

/ (t)dLQ:^E=y2 / </'IHc'£c(a)(a;(a))- 
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Here 0|[a] G C(Z(£),Zp) is the translation given by (^|[a](a;) :— (j){x iecic{a)) . By Prop. 14.61 if A is the 
p-adic avatar of a Hecke character A of infinity type kS + k(1 — c), then we have 

(4.17) / Ad£e.^= ^ A(a)r£;,,,(„)(a;(a)). 

Let U be the torsion subgroup of IC^ and let — (/C^)^^^ fl be a subgroup of W. We have the 
following evaluation formula of the measure L(r^. 

Proposition 4.9. Let (iloc^p) £ (C^)^x(Zp)^ be the complex and p-adic CM periods of {K,, S) respectively. 
Then we have 

I XdLc.s ^ L^'^HOA) ■ Eulp{X)EuleA^) 



where 



Note that tjc is a power of 2. 



vTD^(Imz9)--l]^^+2'' 

' : OX] ■ flcr's' 



Proof. Let 5^ be the Maass-Shimura differential operator on modular forms of weight k (See |HT93I 
(1.21)]). By |Hsil2[ (4.22), (5.2)] we find that 



(4.18) <5;:e^ = 



(-47r)« ■ TsikS) ■ ^ ' 



(4-19) 7^irT2;r •r£A,(a)(x(a)) = • J^E^t^, (x(a)), a G (A^^J.)^ 

i ip i loo 

Let Uic = (Ci)'^x(i?(8) Z)x be an open-compact subgroup of = {C^ )^ xA^ ^ where Ci is the unit circle 
in C^. Let Uk. denote the image of Uk. in /C^A^yA^. Then (|4T7l) equals 

np ^ Jz{£) ^oo ^ 

(27ri)'=^+2« 1 



X{t)S^El{x{t))d^''t bv Km 



^:D7^Im(z9)« • I]™'' ici^y 
It is clear that the proposition follows from Prop. 14.81 □ 



Remark 4.10. The evaluation formula for the measure L^ x: in Prop. 14.91 agrees with the measure (p* 
constructed in jHT931 Thm. 4.2] up to a product of local Gauss sums at "yl^i?^ and tjc, both of which are 
p-adic units. 

5. HiDA'S theorem on the ANTICYCLOTOMIC ^-INVARIANT 

5.1. We fix a Hecke character x of infinity type kU, k > 1 and suppose £ is the prime-to-p conductor of x- 
Let Z{€)^ be the anticyclotomic quotient of Z{'t). We have an isomorphism 

recK : 1^/C^ A^^\A^_^/[/;c(G:p") ^ Z{(t)- . 

n 

Let be the maximal Zp-free quotient of Z(€)^ . Each function (/) on P^ will be regarded as a function on 
Z{€.) by the natural projection 7r_ : Z{it) — > Z{€)^ P^. We define the anticyclotomic projection ^C^^ of 
the measure L^^x: by 



r- Jz(€) 
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In what follows, we introduce an open subgroup T' of T~ and compute the /i-invariant of -Cg^^ restricted to 
r'. The introduction of F' is to treat the case the minus part ft,^ of the class number of /C is divisible by p. 

Let r' be the open subgroup of generated by the image of Zi in (|4.12p and let Z' := 7rZ^(r') be the 
subgroup of Z{^). Then we have Z' D Zi. In addition, the reciprocity law rec^c at Up induces an injective 
map recSp ■ 1 + pOp ^ Op ~ R^^ — ^ Z{<t)^ with finite cokernel as p f Djr, and this map reci:^ induces an 
isomorphism reci:^ : 1 + pOp ^ T' . We thus identify T' with the subgroup rec^p(l + pOp) of Z{€)^ . Note 
that r' = r- 2± l+pOp iip\h^. Let Cl'_ D Ctl^ be the image of Z' in CI- and let V[ (resp. V'() be a set 
of representatives of Cl'_/Ctl^ (resp. Cl-/Cl'_) in (A^®])^ (so V" = {1} -iip\h^). Let 2?i V'(V[ be a 
set of representatives of Cl-jCfL^ . For each h G 2?", we denote by £^ ^ the p-adic measure on 1 + pOp ~ F' 
obtained by the restriction of to foT' := 7r_(recyc(6))F~. To be precise, we have 



(5.1) 



E 



Iz' •(x0)l[a^^"']d£c(a)(x(a)) 

Z(£) 



X(afe ^) / X-(t)\[ab ^]d£,(a) (a;(a)). 



z((r) 



where If,.r' and Iz' are the characteristic functions of b.T' and Z' . Note that the last equality follows from 
the fact that the Eisenstein measure £c(a) has support in Zi C Z' (Prop. [521 (i))- Recall that the /j,-invariant 
/i((^) of a Zp-valued p-adic measure ip on a p-adic group H is defined to be 

m(<p) = inf Vp{ip{U)). 

UC-fi open 

Let fJ-^ ^^^"^ /^x ^ denote the Iwasawa /i-invariants of the p-adic measures ^^'^ s respectively. 
Lemma 5.1. We have ^ = inf /ij y,. 

Proof. This is clear from the definitions of /i-invariants and F^ = Ube-p" ^-T' is a disjoint union. □ 

We shall follow Hida's approach to compute the /i-invariants /i^ ^ via an explicit calculation of the Fourier 
coefficients of the Eisenstein series, using a deep result on the linear independence of modular forms modulo 
p IHidlOl Cor. 3.21]. 

5.2. Fix c = c(i?). A functorial point in /^(c) will be written as (A, 77), where A = {A, A, t) and rj — {rj^P\ rjp). 
Enlarging W if necessary, we let W be the p-adic ring generated by the values of A on finite ideles over 
W. Let mg; be the maximal ideal of W and fix an isomorphism W^/m^^ ^ ¥p. Let T := O* ®z and 
let T = lim T,^, „ = O* (8)z Gm- Let {^1 • • • ,^d} be a basis of O over Z and let t be the character 

1 e O = X*(p* (g)z Gm) = Hom(0* ®z G™,G„0. Then we have Of ^ Wlt^' -l,---t^^ - 1]. For y = 
{Ay, rjy) G /x(c)(Fp) C /if (Fp), it is well known that the deformation space Sy of y is isomorphic to the formal 
torus T by the theory of Serre-Tate coordinate ((KatSTj). The p°°-structure rjy p of Ay induces a canonical 
isomorphism Lpy:f^Sy = Spf ©/^(^j^^, (c/. [HidlOl (3.15)]). 

Now let X := a;(l)^g; £ Ik{<^){W) be a fixed CM point of type (/C, Z") and let = x (g)^ Fp = (i4o,?7o)- 

For a deformation z — (A, 77) /t^ G Sxa {T^) of 2:0 over an artinian local ring TZ with the maximal ideal mn and 
the residue field Fp, we let t{A,rf) :— t{(p~^ {{A, rj) /-j^)) G 1 + m-jz- Then x is the canonical lifting of xq, i.e. 
i(x) = 1. For / G V{c, K, W), we define 

fit) <(/) e Of - WIT,, . • . TJ (T, = t^' - 1). 

We call the formal power series f(t) the t-expansion around xq of /. For each u G Op , let uz := {A,fi^P\ ur]p) 
be a deformation of uxq- Then we have t{uz) = t{z)'^ and hence 'Puxoif)it) = '■P%o{f){t^) ~ /(*")■ 

For each a G 2?^, let (a)^ be the unique element in 1 + pOp such that reci;p((a)^) — 7r_ (rec;c(a)) G T'. 
Recall that is the torsion subgroup of Op . For every pair (it, a) G UpXl),, we write E„^a for F^ ,^|c(£i) G 
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A4k{c{a), K, 0) and let £„ ^ be the p-adic avatar of E„ a- Fix a sufficient large finite extension L over Qp so 
that X and E„_a|[a] are defined over Ol for all (^,0), and hence £u,a|H & ^^(c, For (a, 6) G VixV'l, we 
define 

£a{t) = 

aebV[ 

For E = Eu,a, £n,a(i) or £\t), we define fi{E) e Q>o by 

= inf {wp(tn£') I tn-™^; ^ (mod mi) (m e Z>o)} . 

Proposition 5.2. The formal power series £^{t) equals the power series expansion of the measure £^ ^ 
regarded as a p-adic measure on Op supported on 1 +pOp. In particular, we have fi{£^{t)) = /i^ ^. 

Proof. We compute the i-expansion of £''. For k 6 Z>o[£'], let i/^ be the p-adic character of F' such that 
^^.{TecSpiy)) — 2/"' 2/ £ 1 +pOp. By the definition of £'', we find that 

X{ab-^){ab-%e-£a\[a]\t=i^ ^ x'^^iab-^W^'^uA^i^)), 

aebT>{ aebT>'^ 

where Eu,a ■= X^usw '^^'^^u,a- Let Xk be the Hecke character such that the p-adic avatar Xk is X^k- Then 
Xk has infinity type kE + n{l — c). We are going to show that — S'^^x^Aa.) comparing the q- 

expansions. A key observation is that since z/^ is anticyclotomic and unramified outside p, we find that 



al^^(x, c(a)) = a^g\x^K.^ c(a)) in view of (|4.13p . By the inspection of the g-expansion of £jY,a at (O, c(a) 



we find that 

e^?-uA<l)= E E ""''4'^(x,c(a))xi:,(/?)I„(i+po,)(/3)/3'^+''/ 

= Y aJf^(x,c(a))Iox(/3)A^^(/3)(/3)^/ 

= E a(^'(x^.,c(a))Iox(/3)xi;,^.(/3)/ 

= E aMx^K,c(a))/=r£^„^,(,)((Z) by 

We thus conclude that 9'^?,u,a = O'^^x^^Aa-) g-expansion principle. By (|5.ip . we have 

0''£%=i= E Xi^.(a&"')^?"£xJ2;(a)) 



E / X^^^^ll"^ V£c(a)(a;(a)) = / v^dL 



b 



aebT>{ 



In other words, 0'^£^\t=i interpolates the K-th moment of the measure £^ ^, and hence the proposition 
follows. □ 

Remark. If p does not divide h^, the t-expansion of £^ is the power series expansion of the p-adic L-function 



5.3. Let {T>'i) ^ C 1 + pOp be the image of under (•)^. Regarding U'^^^ as a subgroup of Up by the 
imbedding induced by Z'p, we let Vq be a set of representatives of Up/U^'^^ in 



V 



Lemma 5.3. Put D := {V[) ^ C Op . Then the quotient map D '^p /(^(^))^ ^■^ injective. 

Proof. Let 01,02 & and ui,U2 £ Let o = oiOj"^ and o = itA:(a). Suppose that ui{ai)^ = 
U2 {cL2)x;^^~'^ fo'^ some a G -^(p)- Let y — a'^a G ^ and [y] := rccic{y) G Then it is easy to see 

that [y^] ~ [yy^'^] is in the torsion subgroup A of Z{€)~ , and hence [y] = [a^^a] G A. It follows that the ideal 
(a)^^a is a product of ramified primes and ideals of O. So [a] G Cl^^ and oi = 02. □ 
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Lemma 5.4 (Prop. 3.4 |HidlO| ). Let a G R^^^ C ^ and let f e Mkic{a),K, Zp). We have 

/r"^) = «-'^-/iH(t)- 

Proof. Since a € -^(p)' '^^^ ^^'^ ^olio/] ■= (Ao^Vo) £ Ik{^{'^)){^p) in the prime-to-p isogeny class 
[{Ao, Pd(^)v)] e 2:j^,l(lF'p) := <;~V(a)^) together with a prime-to-p isogeny (a ■ xq \[a] = {Ao^Vq) ^ 

2^0 — (AqjV)- Then ^q, induces an isomorphism : Sxg — Sxg\[a], which sends a deformation A/tz of xq 
over a local artinian ring 72. to the deformation A'^ /n of xq \ [a]. In addition, there exists a unique isogeny 
?Q,TC ■ iA'^iV") ^ {A,v) with the following commutative diagram: 



O* (8)z A*poc^ 



Vp 



• Op ® Qp/Zp. 



Here ?7p and (r/p )^ are morphisms induced by rjp and 77p together with the polarizations of A and A" via 
Cartier duality. Therefore, we find that 



and that 



/INU,?7,'^(%)) = fiA,Pda)r],^ir]p)) 
= f{A'',r,C,n^{Vp)) 

= /(A",7y",a-^u;((r;p"))) = a"^^ ■ f{A'',r,i^{{r,^))). 



It is clear that 



□ 



The following theorem is due to Hida |HidlO| Thm. 5.1]. 
Theorem 5.5 (Hida). The fjL-invariant is given by the following formula 



inf ^;p(a^(E^^„,c(a))). 

(«,a)6r'oxr'i, 



Proof. Let i; e W^'s, We may write w ^ = for some a G iJ^^-j since p is assumed to be unramified in JC. 
Regarding a as an idele in , we denote by and a f the infinite and finite components of a respectively. 
Let (a, 6) e PixD". By Lemma [5T4l and (j4.11D . for each u G Wp we have 

£'uv,a{t^ " ) ^ a^'^^£-uv,a\[af]it'^ ) = £u,Q(t" ) A""^ (ofoo )x~ H"/ ) = £u,a (*" )■ 

Therefore, we find that 
and 

£'{t)= ^ x(«6-^) E £«.a|[«](i<'^''"^-"") 

{u,a)e'DoXhV{ 

Note that p I jjZY^'^ as is a subgroup of the torsion subgroup in /C^ and p \ 2 ■ Djr. From Lemma [5T51 and 
the linear independence of modular forms modulo p |HidlO[ Thm. 3.20, Cor. 3.21]. we deduce that 

piS'it))^ inf M(£n,a(i)). 

{u,a)eT>oXbV[ 
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Since Eu,a 1 [o] is the p-adic avatar of E„ ,ji it follows from the irreducibility of Igusa tower that fJ.{E-u.a I [o] (t)) = 
M(£u,a|[a]) = /^(Euja)- From the g-expansion principle of p-adic modular forms ( [DR80] ) and Lemma l5.ll we 
find that 

fj,-^ = M^,{£\t))= inf Vp{a^{El^,c{a))). □ 

Corollary 5.6. Suppose that 

(L) fJ-piXv) = for every v\<t^ , 

(N) X is not residually self-dual, namely x+ ^ "Tk/T^T {mod m). 
Then E 

Proof. It follows from |Hsil2[ Prop. 6.3 and Lemma 6.4] (following an argument of Hida) that if x is not 
residually self-dual, then for some a £ Pi we can find /3 e j-^^ such that 

a(f)(x,c(a)))^0(modm) ^ a;3(E;^, c(a)) = ^ a^(E^_„, c(a)) ^ (mod tn). 



Hence, Wp(a^(E^ c(a))) = for u = /3 (mod p). We conclude that /i^ ^ = by Theorem 15.5 



□ 



6. Proof of Theorem A 
6.1. In this subsection, we fix a place v\C^ and let w be the place of IC above v. Let E = ICy and F — J-y. 
Let X* :— Xv\'\e^ be a character o{ such that xJ|fx = te/f- Let c^f be the generator of Vjr and 



5 — 5v — 2dp^-d be the generator of the different Ve/f fixed in §3.21 
Lemma 6.1. Let (3 e F'^ . If Ap{xv) ^ 0, then 

w{x:)rE/F{f3) = x:m. 

Proof. The idea is to identify ^^(x) with the Whittaker integrals of a certain Siegel-Weil section on U (1, 1). 
Let W — E with the skew-Hermitian form (a;, y)w — Sxy. Let G — U{W){F) be the associated unitary group 
and let H = U{W + W~){F), where W~ is the Hermitian space (W, -( , )w)- We let ^ = xl and define the 
induced representation I(^, s) of H by 



Let A = 5'^ e F and let T = 
integral by 



We embed G into H by 



a b 




smooth / : iJ ^ C I /( 
A/3d^\ For / e I(C, s), following iHKS96[ (6.5) p.969] we define the Whittaker 



Wt(s)(/) 



//( 

Jf 


-1 




'l X 


1 




1 



)ijj{Tx)dx. 



9 ^ 1) 



9 + 1 ^(.9-1) 
[2S{g - 1) 5 + 1 

Let $1 be the section $^ defined in f HKS96[ p. 989 (8.6)] with rj — 1 the trivial character. Then <I>i is the 
unique function in I(^,s) such that $i(l) = 1 and <I>i(/ii(g, 1)) = $i(/i) for every g G G. Recall that 



Ap{Xv)= / r\x + 2-'6)\x + S\e^ ^i-l3dp'x)da 



By the calculation in |HKS96i p.990 (8.14)], we find that 



>VT(o)($i) = e(-i)- / e 



'{x+^)^{^ApdE'x)dxU=o 



(6.1) 



= ^Hf "(-2A) / r'\-\E Hx + 2-'S)i^{-pdp'x)dx\s^o 
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On the other hand, let X ''{z) :— x ^(z) and let Af *(s, ^) : I(s, ^) — ?• I(— s, ^ ^) be the normalized intertwining 
operator defined in |HKS96l (6.8)]. By [HKS96, (6.10) and Cor. 8.3 (ii)], we have 

Wt (0) (M* (0, *i ) - TB/j. (T) • Wt (0) ($1 ) ; 

Therefore, it follows from (|6.ip that 

rE/F{-Af3d-') • Ap{x.u) - a-miO ■ MXv), 

and hence 

Proposition 6.2. Suppose v is inert and w(£^) = 1. We have Vp{Ap{xv)) > fJ"piXv) for all (3 G F''' . In 
addition, there exists by G TZi~^Op such that Up(Ab^, (xi>)) = Mp(Xu)- 

Proof. Let {1, 9} = {1, 6^} be the 0„-basis of Ry fixed in gS^lsuch that 5y = 26 if v \ 2 and 5., ^ 9 -9 
if v\2. Let t — ty = 9 + 9 and '0°(2^) ^j{~dp^x)- For brevity, we drop the subscript and simply write x for 
X^. Since x is self-dual, xIqx = 1 a-nd x*(^) = ^1- By {Hsil2i Prop. 4.5 (1-3)], the formula of A^(x) is given 
as follows. 

(1) If w(/3) > and w(/3) ^ (mod 2), then 

Ap{x)^r{2-hp)-{^ir'^'^+\i + \w\). 

(2) If either u(/3) < -1 or v{(3) = (mod 2), then A/3(x) = 0. 

(3) Uv{/3) = -l, then 

It follows immediately that Wp(A^(x)) > Vp{l + |n7p"^) if v{(3) ^ —1, and Wp(^^(x)) > Mp(x) if "^(Z^) = ^1- 
On the other hand, note that p divides 1 -I- \w\^ if ^p(x) > 0. Thus Vp{Ai3{x)) > A'p(x) for every (3 £ . 

We proceed to prove the second assertion. Choose a sufficiently large finite extension L of Qp so that x 
and A^(x) for /3 G ii7~^(!?^ take value in L. Let bl = 'yL(p) and let 

m= inf UL(x(a; + 0) - 1) = e^Vp(x)- 

We define the function f : hp ^ C Fp by 

fix) = wl^ixix + 9) -I) (mod [ujl)). 
For 7 G Of, define i/jy : ki? — > Fp by ?Ay(a;) = V'°(:^^) (n^od m). Then {^/i^yj-g,^^ gives a Fp-basis of the space 
of Fp- valued functions on k^?. Then / can be uniquely written as f{x) = X^^yekj? c-y(/)V'7(a;), where c^{f) is 
the 7-coefficient of / given by 

= tn^"V'°(-2-4/3) • A^^-i(x) (mod mi). 
Since / is a non-zero function by definition, some 7-coefficient of / is nonzero, namely c^{f) ^ (mod vcvl)- 
Let b :— jvu^^. Then VLiAb{x)) — a-^d hence Vp{Ab{x)) = /ip(x)- ^ 

The following proposition is the key ingredient in our proof. 

Proposition 6.3. There exists by G i^^ such that 

(i) "f^pi^bAXv)) = t^piXv), 

(ii) I^(x:)ts/f(^^.) =x:(2^)- 

Proof. When w{<t^) = 1 and v is inert, (i) is verified in Prop. 16.21 Suppose that either w(£~) > 1 or u is 
ramified. Then we must have Hpixv) = as w and p > 2. By [Hsil21 Lemma 6.4], there exists by G F^ such 
that Ab^ixv) ^ (mod m). Thus Vp{Ab^{xv)) = Mp(Xw) = 0- To show the epsilon dichotomy property (ii) for 
this by, we note that (i) implies that Af,^{xy) ^ {xy is ramified), and (ii) follows from Lemma |6. II □ 
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Remark 6.4. In virtue of |Hsil21 Prop. 6.7], Prop. [^751 removes the assumption (C) in |Hsil2[ Thm. 6.8]. 
6.2. Now we are ready to prove our main theorem. 

Theorem 6.5. Suppose that p\ Djr. Let x be a self-dual Hecke character of JC^ such that 

(R) the global root number W{x*) — 1, where x* ■— xMa^' 
Then 

i^x.s = i^p(^^y 

v\£- 

Proof. In view of (|4.9p and Prop.l6.2|, we find that 

■*^p(a^^^(x, c(a))) > ^ li-piXv) for aU l3 e J'+ and a G 2?i. 

v\e- 

Combined with the formula (|4.10p of a^(E^ ^, c(a)) and Theorem 15.51 this imphes that 
(6-2) ^ 

For each v\€~ , we let by be as in Prop. lOl Then Vp{Ab^{xv)) — IJ-piXv) and W{xl)Tic/j^{bv) — xji(2t?) for 
every From the assumption that W{x*) — Yiv ^ixl) = 1 we can deduce that there exists /3 G J-+ such 

that 

(1) /3eO;,(p55=), 

(2) Apixv) = AAXv) for every v\€ , 

(3) riqic- q""^^^ = (^)c(i?)NK/^(a) for some prime-to-pC ideal a of R. 

{cf |Hsil2[ Prop. 6.7].) Let c G A^j be the idele such that = /S^i for all w fpCC^ and c^, = 1 if wlpCeT^ 
Then c(o) := ilj-{c) = c(i?)Nj»;/jr(a) is the ideal corresponding to c. Let u £Up such that u = (3 (mod p). By 
and dUni), we find that 

(6.3) 7;p(a^(E^_„,c(a))) = ^ «p(A^j(x„)) = ^ «p(A.(x.)) = ^ ^f(^")- 

t)|C- t)|£- 

Combining Theorem 15. 5[ (|6.2p with (|6.3p . we obtain 
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